
Model Predictive Control Technique Combined
with Iterative Learning for Batch Processes

Kwang S. Lee, In-Shik Chin, and Hyuk J. Lee
Department of Chemical Engineering, Sogang Univ., Mapogu, Seoul 121-742, Korea

Jay H. Lee
School of Chemical Engineering, Purdue Univ., West Lafayette, IN 47907

A no®el model predicti®e control technique geared specifically toward batch process
applications is demonstrated in an experimental batch reactor system for temperature

( )tracking control. The technique, called Batch-MPC BMPC , is based on a time-®arying
( )linear system model representing a nonlinear system along a fixed trajectory and uti-

lizes not only the incoming measurements from the ongoing batch, but also the informa-
tion stored from the past batches. This particular feature is shown to be essential for
achie®ing effecti®e tracking control performance despite model errors and disturbances.
In a series of experiments performed on a bench-scale batch reactor system, the tech-
nique was found to deli®er satisfactory tracking performance, as expected, o®ercoming a
large amount of model uncertainty and ®arious process disturbances.

Introduction

Ž .Model predictive control MPC , despite its widely publi-
cized industrial success, has been applied almost exclusively
to continuous processes. For batch processes, there have been
very few reported industrial applications of MPC. This is in
spite of growing importance of batch operation in a large
number of industrial sectors, ranging from traditional chemi-
cal and polymerization industries to emerging pharmaceuti-
cal, material processing, and semiconductor industries. In
part, this can be attributed to the fact that the nature of batch
process operations and control problems that arise from them
are very different from those for the continuous processes.
Whereas continuous process control tends to emphasize reg-
ulatory control around a fixed operating point�or within a
narrow operating region�batch process operations are by
nature much more dynamic, involving several transitions and
large transient phases that cover large operating envelopes.

Most batch operations are described as hybrid systems in-
volving discrete and continuous decision variables. Theories
for modeling, optimization, and control of such systems
are still at infancy and a satisfactory framework for ‘‘com-
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Ž .plete’’ model predictive control�including real-time se-
quencertrajectory optimization and abnormal situation man-
agement�is yet to emerge. Within the current mode of batch
operation, once the recipe gets fixed and the operating con-
dition optimized, control problems are generally formulated
as tracking of given time-varying reference trajectories over a
fixed time period, which may represent the whole batch or a
particular phase of batch. The same time-varying trajectories
tend to get used batch after batch until a different product
needs to be made or some abnormal situation occurs which
necessitates a change in the operating procedure. This article
will address this particular problem of tracking given time-
varying reference trajectories repeated over many batches.
The problem of optimizing operating procedures for prod-
uctrfeed transitions, their real-time refinement, and abnor-
mal situation management is important, but is beyond our
present scope.

During the course of a typical batch operation, process
variables swing over a wide range, exposing the nonlinearities
inherent in the process dynamics. Owing to this, time-
invariant linear models often fail to describe process dynam-
ics adequately, rendering traditional linear control tech-
niques ineffective. Most research efforts in batch process
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control have therefore been dedicated to the problem of de-
signing a feedback controller that can compensate for strong

Žeffects of nonlinearity. Nonlinear cascade control Marroquin
. Žand Luyben, 1972 , generic model control and its variants Lee

.and Sullivan, 1988; Cott and Macchietto, 1989 , successive-
Ž .linearization-based control Lee and Datta, 1994 , feedback

Ž .linearization Soroush and Kravaris, 1992 , adaptive control
ŽCabassud et al., 1989; Fileti and Pereira, 1997; Wang et al.,

. Ž .1995 , adaptive MPC Jarupintusophon et al., 1994 , and non-
Ž .linear MPC Nagy and Agachi, 1997 are some of the ap-

proaches that have been pursued in academia, whereas most
industrial problems have been solved by gain-scheduling the
PID control parameters, sometimes with appropriate feedfor-
ward compensations, such as those for the heat of reaction

Ž .inferred from a calorimetric balance Juba and Hamer, 1986 .
One of the traits of batch processes�left unexplored in

control thus far�is that they involve repetitive operations.
ŽThis characteristic endows the operator andror the con-

.troller with a unique opportunity to make compensations
based on errors from the previous batches. For instance, er-
rors due to a bias in the input trajectory will repeat them-
selves in the subsequent batches. Traditional feedback con-
trol can remove these errors only to a certain extent, limited
by system dynamics and model uncertainty. The same can be
said for any disturbance that repeats itself or exhibits strong
batch-wise correlation. Indeed, this very idea has been pur-
sued in the robotics community, under the generic name of

Ž . Žiterative learning control ILC Arimoto et al., 1984; Chen,
.1998 . In the chemical process control side, however, there

Žhave been only a few activities of this kind Katoh et al., 1988;
.Lee et al., 1994 . Unfortunately, the ILC techniques devel-

oped for robot-arm training do not take into account the
unique characteristics of chemical processes�like the typical
overdamped nonlinear dynamics, significant interactions,
large model errors, active constraints, and so on�and there-
fore, lead to problems when applied to these types of

Ž .processes. Motivated by this, Lee and Lee 1996 proposed a
model-based ILC framework called Q-ILC, as it is based on a
quadratic optimization criterion, tailored specifically for
chemical process control applications. Independent of this

Ž .work, Zafiriou et al. 1995 has proposed a run-to-run opti-
mization technique, a variant of ILC, where the result from a
previous run is used along with the model to improve the
operating trajectories for a new run in the presence of model
errors.

The pure learning algorithms lack real-time feedback ac-
tion, however, and cannot handle disturbances as they occur;
it must wait until the next cycle to make any compensation.
Various ways to combine feedback control with ILC have been
proposed. Examples include: direct addition of a PID-type

Ž .controller to an existing ILC algorithm Lee et al., 1994 ;
conversion of the ILC equation into a state feedback form
Ž .Amann et al., 1996 ; cascade configuration with feedback
control for the inner loop and learning control for the outer

Ž .loop Kuc and Lee, 1996 , and so on. However, these meth-
ods have not addressed the unique aspects of chemical or
related batch processes. In addition, many of them have con-
sidered the feedback design as a separate task�rather than
as an integral aspect of the learning controller design.

These considerations motivated us to develop a novel MPC
technique for batch processes, which we present in this arti-

cle. The proposed control technique, called Batch-MPC
Ž .BMPC , is based on a time-varying MIMO linear model
Ž .representing a nonlinear system along a fixed trajectory and
has been derived by integrating the concept of iterative learn-
ing into the conventional MPC technique. As a consequence,
BMPC is capable of eliminating persisting errors from previ-
ous runs in addition to responding to new disturbances as
they occur during a run. We evaluate the performance of
BMPC in an experimental batch reactor system involving a
highly exothermic reaction where a pre-specified trajectory
for the reaction temperature has to be tracked. Rather than
carrying out the actual reaction experimentally, we simulate
the heat of reaction using an electric heater. The process was
identified as a linear time-varying model by combining two
linear time-invariant models with time-dependent weighting
functions. The BMPC algorithm leaves the user with several
parameters to choose. Some of them such as weighting fac-
tors in the cost function can be chosen based on their physi-
cal significance, but others such as the covariance matrices
need some discretion in tuning. We discuss their effects on
the performance and offer some guidelines for tuning.

The BMPC algorithm is derived and its properties are in-
vestigated�the mathematical results, as well as their impli-
cations for practical applications. The experimental system
along with the procedure for model identification and con-
troller tuning are described. Experimental results and discus-
sions are presented and conclusions are drawn.

Batch-MPC Algorithm
Mathematical description of batch processes for BMPC

We consider a MIMO discrete-time batch process where
the run length is fixed and consists of N sample steps. The
problem is to manipulate the given inputs within given con-
straints so that the outputs follow specific reference trajecto-
ries. In batch operations, it is frequently encountered that
some inputs are manipulated from the midst of a run while
others are changed from the very start. Initiator addition in
polymerization reactors usually begins at a specific time in-
stant. The same is true for the outputs. Some outputs are
controlled over an entire run while others are taken care of
only over a limited duration. In order to accommodate such
aspects in a single model structure, we allow the input and

Ž . Ž .output dimensions to vary with time, say n t and n t . Foru y
the future use, we define

t ty1
� �N t s n l , N t ,s n l 1Ž . Ž . Ž . Ž . Ž .Ý Ýy y u u

ls1 ls 0

A batch operation is typically modeled with a dynamical sys-
tem, but it will prove to be convenient to consider a static
map relating the input sequence to the output sequence over
the whole batch horizon. Let us define the input, output and
disturbance sequences as

T� T T T N ŽN .uus u 0 u 1 ��� u Ny1 gRŽ . Ž . Ž .
T� T T T N ŽN .y 2Ž .ys y 1 y 2 ��� y N gRŽ . Ž . Ž .
T� T T Tds d 1 d 2 ��� d NŽ . Ž . Ž .

October 1999 Vol. 45, No. 10 AIChE Journal2176



The input-output relationship for a general nonlinear batch
system can be written in the form of

ysNN u , d 3Ž . Ž .

where NN is some nonlinear map.
Let y and u represent the specified output reference tra-

jectory and the corresponding nominal input trajectory.
Hence,

ysNN u , 0 4Ž . Ž .

Combining Eq. 4 with Eq. 3, we can write the equation for
the error trajectory e as

�
es yy ysNN u , 0 yNN u , d 5Ž . Ž . Ž .

Since the map NN is not known accurately in general and
some of the parameters could change with time, it is unrealis-
tic to assume exact knowledge of the nominal input trajec-

Žtory. Hence, we assume that some coarse estimate of u de-
.ˆnoted as u is available to us a priori. Then, linearizing the

ˆabove error trajectory equation at usu and ds0, we obtain

�NN �NN �NN
ˆ ˆes uyu y uyu y dŽ . Ž .

� u � u � dŽ . Ž . Ž .ˆ ˆ ˆu , 0 u , 0 u , 0

qhigher order terms 6Ž .

Denoting �NNr� u and �NNr� d as G and G , respectively,d
and rearranging the above, we obtain the following linear
equation for the error trajectory

ˆ ˆesG uyu qG uyu yG dqhigher order terms 7Ž . Ž . Ž .d^ ` _
de

Hence, e d represents the error due to the bias in the nominal
Ž .ˆinput trajectory uyu , as well as the effect of disturbances

and model error. In general, e d has both deterministic and
stochastic components. For estimator design, it is convenient
to model e d as output of a linear system driven by random
inputs

x e s Ax eqBwkq1 k k

e dsCx eq© 8Ž .k k k

Note that subscript k represents the batch index. w and ©k k
Ž .are zero-mean batch-index-wise independent and identi-
Ž .cally distributed i.i.d. random vector variable sequences. For

the sake of simplicity, we restrict our discussion to the partic-
ular choice of As I, Bs I, Cs I. Then, we have

d de s e qwkq1 k k

d de s e q© 9Ž .k k k

dNote that, with this model choice, e can be interpreted as
the part of e d that will repeat itself in the subsequent batches

Žsuch as the error due to the bias in the nominal input trajec-
.tory and batch-index-wise constant disturbances while © can

be thought of as the part that will disappear in the subse-
quent batches.

dw Ž .xˆSimilarly, we can define e as e qG uyu , which repre-
sents the part of the error trajectory e that will repeat itself in the
next batch, assuming input u remains the same. Writing the
expression for e for two consecutive batch indices and differ-
encing yields the following transition model for the tracking
error trajectory

dˆe sG uyu q eŽ .kq1 kq1 kq1

dˆe sG uyu q eŽ .k k k

y

e s e yG�u qwkq1 k kq1 k

e s e q© 10Ž .k k k

where �u su yu . Note that � here denotes a dif-kq1 kq1 k
ference operator with respect to the batch index and not with
respect to the time index.

Remarks
Ž .1 By causality, the structure of G is restricted to the fol-

lowing lower-block triangular form

g 0 ��� 01, 0

g g ��� 02, 0 2, 1 N ŽN .�N ŽN .y u. .Gs gR 11. Ž .. . . 0.. .
g ��� ��� gN , 0 N , Ny1

where g gRn yŽ i.�nuŽ j. is the impulse response coefficienti, j
matrix composed of output responses at time i to independ-
ently applied unit pulse inputs at time j.
Ž .2 G can be found by linearizing a nonlinear model along

the nominal trajectories or through direct identification.
Ž .3 Both © and w are assumed zero-mean i.i.d. se-k k

quences with respect to the batch index. The elements of
these vectors may be correlated, however, due to the tempo-
ral correlation in the disturbance effects. When exact statis-
tics are not available, a reasonable model for most chemical
batch processes is a filter integrated white noise sequence
along t. This forces the covariance matrices for © and w to
have a specific structure. This will be discussed in more de-
tail later.

Deri©ation of batch MPC algorithm
Formulation of a State-Space Model along the Time Index for

Real-Time Control. For real-time prediction and control, we
now convert the batch-index transition model Eq. 10 into a
time-index transition model. For this, let us partition G ac-
cording to

� N ŽN .�n Ž j.y uw xGs G 0 G 1 ��� G Ny1 , G j gRŽ . Ž . Ž . Ž .
12Ž .
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Ž .Also, we define the state e t as the error sequence for thek
kth batch when the same input as the kyfirst batch is ap-
plied starting at time t, that is,

�e t s e with �u t s ��� s�u Ny1 s0Ž . Ž . Ž .k k k k

s e yG 0 �u 0 y ���yG ty1 �u ty1 qw q©Ž . Ž . Ž . Ž .ky1 k k ky1 k

13Ž .

Ž .Note that, with respect to the previous notation, e N s e .k k
Using this definition, the transition from the end of a batch

to the start of the next batch can be written as

e 0 s e N qw q© 14Ž . Ž . Ž .k ky1 ky1 k

In addition, if we write Eq. 13 for tq1 and take the differ-
Ž .ence, the following equation for the time transition of e tk

within a batch is obtained

e tq1 s e t yG t �u t , ts1, . . . , N 15Ž . Ž . Ž . Ž . Ž .k k k

Ž .Since the initial condition for e t is determined by e , wek ky1
Ž . Ž .need a state transition equation for e tq1 , too. e t cank k

be defined in the same manner to yield

e 0 s e N qwŽ . Ž .k ky1 ky1

e tq1 s e t yG t �u t 16Ž . Ž . Ž . Ž . Ž .k k k

By combining Eqs. 15 and 16, we have the following peri-
Ž .odically time-varying state-space model with period of N

for the controller design

e tq1 e tŽ . Ž . G tŽ .k kI 0s y �u tŽ .k0 Ie tq1 e t G tŽ . Ž . Ž .k k

e tŽ .kw xe t s 0 H t ts0, . . . , Ny1 17Ž . Ž . Ž .k e tŽ .k

with

e 0 e NŽ . Ž .k ky1I 0 I 0s q w q © 18Ž .ky1 kI 0 I Ie 0 e NŽ . Ž .k ky1

where

H t s 0 I 0 19Ž . Ž .^̀ _ ^̀ _ ^̀ _
n t � N ty1 n t � n t n t � N N yN tŽ . Ž . Ž . Ž . Ž . Ž . Ž .Ž .y y y y y y y

We note that the error sequence over the entire batch
horizon is defined as the state. As a result, the measurement
matrix has a time-varying structure. Also, for the estimation
of e, the states e may be viewed as redundant. However, for
real-time predictive control, it is indeed e we are interested
in predicting. e can be viewed as the information that needs
to be stored for the next batch.

Predictor Construction. Once the state-space model is for-
mulated, the subsequent steps for prediction and control cal-
culation are rather straightforward. For prediction, it is con-
venient to use the standard optimal state estimator for the
state space system in Eqs. 17, 18 and 19. It is a standard

Ž .result that the optimal linear estimator for the system of
˚ŽEqs. 17�19 is the Kalman filter Astrom and Wittenmark,¨

.1990 , which is described by

� �e t ty1 e ty1 ty1Ž . Ž . G ty1Ž .k k
s y �u ty1Ž .k� � G ty1e t ty1 e ty1 ty1 Ž .Ž . Ž .k k

� �e t t e t ty1Ž . Ž .k k
s

� �e t t e t ty1Ž . Ž .k k

�qK t e t yH t e t ty1 , for ts1, . . . , N 20w xŽ . Ž . Ž . Ž . Ž .k k k

and

� �e 0 0 e N NŽ . Ž .k ky1
s 21Ž .

� �e 0 0 e N NŽ . Ž .k ky1

The dynamic Kalman gain matrix is calculated by

P̂ tŽ . y1k T TK t s H t H t P t H t 22Ž . Ž . Ž . Ž . Ž . Ž .k kP tŽ .k

where the covariance matrices are updated according to

ˆP tq1 P tq1Ž . Ž .k k

P̂ tq1 P tq1Ž . Ž .k k

ˆP t P tŽ . Ž .k k ˆs yK t H t P t P t 23Ž . Ž . Ž . Ž . Ž .k k kP t P tŽ . Ž .k k

for ts1, . . . , N and reset at the beginning of each new cycle
according to

ˆP 1 P 1Ž . Ž .k k

P̂ 1 P 1Ž . Ž .k k

P Nq1 qR P Nq1 qRŽ . Ž .ky1 w ky1 w
s 24Ž .

P Nq1 qR P Nq1 qR qRŽ . Ž .ky1 w ky1 w ®

Ž � .Now, let e tqm t represent the prediction of the errork
sequence for the k th batch, made at time t. To construct
Ž � . Ž � .e tqm t , we must add to e t t the effect of m future con-k k

trol moves

� � m me tqm t s e t t yG t �u t 25Ž . Ž . Ž . Ž . Ž .k k k
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where

m w xG t s G t , . . . , G tqmy1 andŽ . Ž . Ž .

�u tŽ .k
.m .�u t s 26Ž . Ž .k .

�u tqmy1Ž .k

The control horizon m needs to be shrunk as t approaches
toward N, the batch end time.

The above state estimator looks computationally demand-
ing, mainly due to the need for gain update through the Ric-
cati iteration at each sample time. However, the periodically
varying Riccati difference equations defined by Eqs. 22, 23

Žand 24 will eventually converge with respect to the batch
.index to a periodic solution, irrespective of the initial value.

Hence, one may pre-calculate the periodic steady-state solu-
Ž Ž .tion and the corresponding Kalman gain matrices K 1 , . . . ,�

Ž ..K N off-line and avoid the on-line Riccati iteration.�

Input Calculation. Unconstrained Case. Now we compute
Ž � .the control input sequence that minimizes e tqm t , thek

tracking error over the whole batch horizon, while penalizing
excessive input movements. Employing the conventional
quadratic objective function, the control input can be calcu-
lated according to

1
T mT m� �min e tqm t Qe tqm t q�u t R�u tŽ . Ž . Ž . Ž .� 4k k k k

m 2Ž .� u tk

27Ž .

For the unconstrained case, an analytical solution to the
above minimization can be obtained as

y1m mT m mT ��u t s G t QG t qR G t Qe t t 28Ž . Ž . Ž . Ž . Ž . Ž .k k

Ž . mŽ .Only �u t from �u t is applied to the process at eachk k
sampling time.

Constrained Case. Constraints can be imposed on the in-
Žput magnitude, the input changes both in terms of batch and

.time indices , and the predicted outputs. Generally, they are
given as the following linear inequalities

ulowF u Fuhi
k

low hi�u F �u F�uk
low hi� u F u t yu ty1 F� u , with u y1 su 0Ž . Ž . Ž . Ž .k k k k

low hi�y y� t F y tqm t F y q� t , � t �0Ž . Ž . Ž . Ž .k k k k

29Ž .

At time t of the k th batch, these constraints can be put in
the standard form

CC m t �um t G BBm � t , t and � t G0 30Ž . Ž . Ž . Ž . Ž .Ž .k k k k

Ž .The role of � t in the output constraint equation de-k
Ž .serves some comments. � t is a slack ®ariable introduced tok

Žmake sure that the constraints are always feasible Zafiriou
.and Chiou, 1993 . This is referred to as constraint softening

Ž .and is a standard practice in MPC Morari and Lee, 1997 .
Without the slack variables, the constraints can become in-
feasible since there may not exist any input sequence�within
the given constraints�that can keep the output within the
specified bounds. This would obviously create problems in
on-line applications. Note that, by choosing a sufficiently large
� , the output constraints can always be satisfied. However,
we do not want to ‘‘slacken’’ the constraints any more than
we need to. Hence, the objective function is modified to in-

Ž .clude a quadratic term of � t so that the slack variable isk
made as small as feasible. The corresponding optimization
problem is

1
T � �min e tqm t Qe tqm tŽ . Ž .� k k

m 2Ž . Ž .� u t , � tk k

q�umT t R�um t q� T t S� t 31Ž . Ž . Ž . Ž . Ž .4k k k k

subject to Eqs. 25 and 30.
The above objective with Eq. 30 constitute a quadratic pro-

Ž . Ž .gram QP Garcia and Morshedi, 1984 . At each time, the
ŽQP is solved and the first element the optimal input move

.corresponding to the current time is implemented.

Summary of the algorithm
The procedure for BMPC implementation is summarized

as follows
Step 1. Obtain dynamic matrix G using an appropriate

method.
Step 2. Initialize the state estimator. We can choose
Ž � . Ž Ž � ..e N N s e N N and u as the error trajectory and the0 0 0

input trajectory obtained from a previous batch run. If there
Ž � .is no previous run, one can use the zero vector for e N N0

and the best available estimate for u . Also, let0

ˆP Nq1 P Nq1Ž . Ž . 	 I 	 I0 0
s 32Ž .

	 I 	 IP̂ Nq1 P Nq1Ž . Ž .0 0

where 	 �0 is chosen to be ‘‘fairly large.’’ Set ks1.
Step 3. Before the start of each fresh batch, initialize the

state and the covariance matrix using Eqs. 21 and 24. Set
ts1.

Step 4. At time t, obtain the state estimate using Eqs. 20
and 22. Also, update the covariance matrix using Eq. 32.

Ž .Step 5. Calculate �u t using Eq. 28 or by solving Eq.k
Ž .31. Implement u t .k

Step 6. If t� N, set t§ tq1 and go back to Step 4. If
tsN, set k§kq1 and go to Step 3.

Comments on stability and robustness
In the context of batch systems, the notion of closed-loop

stability should be considered over the batch index. It is be-
cause a batch operation is defined over a finite time interval
and the system is reset at every initial time. Note that, since
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Ž .the model underlying the BMPC algorithm Eq. 17 is a set of
Ž .pure integrators, any nonzero e 0 will persist if no adjust-

ment is made to the input. Therefore, the convergence, e ™0k
as k™�, from a nonzero initial condition means that, with
BMPC, any initial bias in the error trajectory, low or high
frequency, can be removed completely.

In order to show the stability, one needs to introduce the
following assumptions:

� G is known and has full row-rank.
� Q is a positive definite matrix.
� There exists some input trajectory that zeros the error

trajectory without constraint violation.
The first requirement mandates that there be at least as

many inputs as the outputs. This is reasonable since we can-
not expect to zero the outputs with a less number of
inputs�even at steady state. If this requirement is not satis-
fied, we can ask whether the BMPC algorithm will drive the
error trajectory vector to the minimum achievable�in the
given 2-norm sense. The second requirement says that all the
errors must be independently weighed in the objective func-
tion. The third requirement is natural in discussing the con-
vergence. In addition to the above, we may consider the de-

Ž .terministic case for which w and © are uniformly zero fork k
the purpose of showing the convergence.

Under the above assumptions, it is possible to prove the
convergence of the error trajectory to zero. The main idea is
to show that the optimal cost is a nonincreasing function with
respect to time and must therefore converge. With this, we
can argue that the input trajectory must converge under the
optimal control and that the convergence of the input trajec-
tory implies convergence of the error trajectory to zero due
to the integral action inherent in the controller. This basic
idea is similar to that used in proving the closed-loop stability

Ž .of conventional MPC Zheng and Morari, 1995 , but rigorous
proof in the general case can become quite complex and
technical since the effects of state estimation error and con-
straints should be taken into account together. Hence, this
will be addressed in a future article.

Drawing an analogy to the fact that a feedback controller
with integral action can provide a zero-offset regulation
against a constant disturbance despite model errors, we can
expect the convergence result to hold up in the presence of
some model errors as well. Of course, too large a model error
can also lead to divergence due to the feedback. The allow-
able model error bound depends on both the plant and tun-
ing parameters in general. Theoretical investigation of model
error effects and development of robust BMPC algorithms
andror tuning strategies is currently under way.

Tuning of BMPC
The BMPC algorithm has five major tuning factors: Q, R,

R , R , and the control horizon m. In this section, we discussw ®
tuning of these parameters and propose some practical
guidelines.

The control horizon m should be chosen as large as the
computational resource allows. Ideally, one would like to
compute the optimal trajectory for the entire remainder of
the batch by choosing m at time t as Ny t. This is called

Ž .shrinking horizon control Russell et al., 1998 . Normally, how-

ever, such a choice would be computationally prohibitive, es-
pecially when the sample time is short in relation to the total
batch time. However, since the prediction horizon is set as
the entire batch by default, too small an m can cause slug-

Žgish performance, especially at the beginning. Although not
discussed, one always has the freedom of choosing the pre-
diction horizon other than the entire remaining batch length

.within the BMPC framework.
The weighting parameters are relatively easy to choose.

First Q1r2 should be chosen to scale the outputs appropri-
ately and assign relative importance to each output. R can be
chosen as a scalar-times-identity matrix�as typically done in
the conventional MPC�and the scalar can be used to adjust
the relative weight of the input penalty to the tracking error
suppression. Increasing the scalar slows down both the batch-
to-batch learning and real-time feedback control feature, and
lowers the sensitivity to batch-to-batch changes and the risk
of divergence due to model errors. If one desires to have the
flexibility of controlling the two features independently, it is
best that the input penalty be kept to a minimum and tune
using the noise covariance matrices.

Choosing R , R requires some discretion. Physically, theyw ®
represent covariance matrices of disturbance profiles, w andk
© ; however, the exact covariance matrices are not easy tok
obtain in practice. In general, it suffices to parameterize the
stochastic disturbances with a small number of parameters
and tune these parameters. For example, for most chemical
processes, disturbances are reasonably modeled by summing

Žintegrated white noise representing disturbances with strong
. Žtime correlation with white noise representing disturbances

. Ž .with no time correlation Lee and Morari, 1994 . In that case,
we can express

1
® t s n t qn t 33Ž . Ž . Ž . Ž .k ® , 1 ® , 2y11yq

Ž . Ž .where n t and n t are vector-valued white noises of®, 1 ®, 2
2 2 Žcovariances 
 I and 
 I, respectively. Given that the out-®, 1 ®, 2

puts are scaled appropriately, the same noise parameter can
be used for all the outputs. If not, one can scale the variance

.parameters for each output correspondingly. These choices
dictate that the covariance matrices take the following struc-
ture

R s
 2 Jq
 2 I where® ®, 1 ® , 2

I I I ��� I
I 2 I 2 I ��� 2 I
I 2 I 3I ��� 3IJs and Is identity matrix. . . .. . . .���. . . .
I 2 I 3I ��� NI

34Ž .

Ž .Modeling w � in the same way would give two additionalk
variance parameters y
 2 and 
 2 . Hence, under the spe-w, 1 w , 2
cific disturbance structure, one gets four parameters to tune.

In general, putting more weight on the white noise part in
relation to the integrated white noise part for both w and ©
makes the real-time control less aggressive and, therefore,
more robust. In addition, giving more weight to © in relation
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to w makes the trajectory change from one batch to the next
smoother and increases the robustness to model errors�but
at the expense of slowed convergence rate. Based on these
general principles, we can offer the following guidelines for
tuning:

�
2In most cases, we recommend that 
 be set to zero,w, 2

since it is not desirable for the learning control part of the
algorithm to attempt to control uncorrelated noises. The
real-time control part automatically filters out white noises
Ž .n before the control computation, because of the causal-®, 2
ity requirement. On the other hand, the iterative learning
control part does not have this restriction and, therefore, will

Žattempt to compensate for n occurred during a previousw, 2
. 2 2batch if 
 is set significant in relation to 
 .w, 2 ®, 2

� The input trajectories are judged to be too aggressive
and oscillatory�with respect to t �causing a bad tracking
performance. ´ Lower 
 2 and 
 2 in relation to 
 2 .w, 1 ®, 1 ®, 2
Which of the two parameters to lower depends on whether
one wants to slow down the learning rate as well as the real-
time control. To keep the same learning rate, adjust only 
 2 .®, 1

� There appears to be too large shifts in the input trajecto-
ries from batch to batch, causing a bad performance or giving
the appearance of divergence�particularly with oscillation,
in the error trajectory with respect to the batch index. ´

Lower 
 2 in relation to 
 2 and 
 2 .w, 1 ®, 1 ®, 2

Comparison with existing batch control techniques
The current industrial state of the art for the type of prob-

lems we are addressing in this article is PID control, possibly
with some gain-scheduling feature and a feedforward com-
pensation. The effectiveness of any feedback design is fun-
damentally limited by system dynamics and model accuracy.
Hence, even in theory, perfect tracking of time-varying refer-
ence trajectories is not possible with feedback control alone
�regardless of design methodology. In practice, PID control
typically leaves large offsets, especially during transient peri-

Ž .ods such as during and after a ramp-up or a ramp-down . In
the case of temperature control of highly sensitive chemical
reactors, a calorimetric balance can be used to infer the reac-
tion heat and feedforward compensation can be added based

Ž .on it Juba and Hamer, 1986 . However, this does require a
detailed heat balance model and the performance improve-
ment depends on its accuracy.

As a next step, one could conceivably employ the strategy
where the input trajectory from a previous run�under con-
ventional feedback control�is used as the nominal trajectory
for the next run. This strategy can be generically described by

u su qHe 35Ž .kq1 k kq1

where H represents any linear�possibly time-varying�
feedback design. Note that because of this causality require-
ment, H must be a lower-triangular matrix. In addition, be-
cause of the particular way the vectors u and e are indexed,
all the diagonal elements must be zero.

Now, if we substitute this into Eq. 10 with the assumption
that w s© s0, we obtain the following recursion equationk k
for the tracking error

y1e s IqGH e 36Ž . Ž .kq1 k

� �For e ™0, it is obvious that H must be designed suchk
Ž .y1that all the eigenvalues of IqGH lie strictly inside the

unit circle. However, this is not possible; all the eigenvalues
Ž .necessarily lie at 1, 0 as G and H are both lower triangular

matrices and all the diagonal elements of H are zero. This
means that offsets cannot be removed through this strategy.

Insteady of using the previous input trajectory as the nomi-
nal trajectory, one can use an iterative learning control algo-
rithm and determine the nominal trajectory for the next run.
This essentially combines the best of ILC and feedback con-
trol. There are several articles proposing this idea but very

Ž .few in the MPC context. The work of Amann et al. 1996
discusses an implementation of a model-based ILC algorithm
Ž .based on a quadratic performance index as a real-time state
feedback. However, this algorithm is developed for linear a

Žlinear-time-in®ariant system with no constraints which would
.not be suitable for representing chemical batch processes . In

addition, their formation is completely deterministic. When
interpreted in our combined deterministicrstochastic frame-
work, this becomes equivalent to assuming ©s0 uniformly.
Of course, a potential problem of this is that, when there are
significant batch-to-batch changes, the learning part of the
algorithm can ‘‘overcorrect.’’ Adjusting the sensitivity through
the input weighting matrix R is not an attractive option, as
this will also slow down the real-time control. The proposed
BMPC algorithm achieves the essence of the idea of combin-
ing the best of ILC and conventional MPC, but it does not
separate the iterative learning from the feedback control. In-
stead, it combines them as one integrated MPC algorithm. In
addition, it affords enough flexibility to address the issues of

Žconcern in practical process control applications such as
constraint-handling, random disturbances of different types,
use of time-varying models to address nonlinearity, and so

.on .

Limitations of the proposed BMPC technique
The BMPC technique, despite its merits over the available

alternatives, does not fit into every existing batch process
control problem. First, even though it is possible to include
inputs and outputs that are active only during particular time
windows of a batch, manipulating the time windows them-
selves is not possible within our formulation. Hence, it elimi-
nates the possibility of contracting or dilating the operating
trajectories by shortening or lengthening various phases. Such
a decision must be relegated to the higher optimization layer.
As long as these changes are not made on a too frequent

Ž .basis that iterative learning cannot take place , the BMPC
can still be used by re-initializing every time a change is made.
In fact, BMPC would be a valuable tool in this context as
designing feedback controllers that can track different trajec-
tories is a great challenge.

Second, the fact that we are using a linearized model means
that operating trajectories from run to run cannot differ by
very much. If the fundamental model is available, one could
conceivably relinearize the model to update the dynamic ma-
trix after each batch run.

Third, it is noteworthy that the ultimate purpose of tem-
perature control lies not in itself, but in the regulation of
final product quality. Considering the fact that quality is de-

Žtermined by factors besides the temperature trajectory such
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Figure 1. Experimental batch reactor system.

.as the feedstock condition , maintaining a fixed temperature
trajectory may not always be the best mode of operation. It

Žshould be possible to treat the issues of quality control Rus-
.sell et al., 1998 and temperature tracking all within a single

control framework. Development of this technique is cur-
rently being carried out.

Experimental Studies
Batch reactor system and experimental procedure

In order to test the performance as well the implementa-
tion tips of the proposed BMPC technique, a series of experi-
ments in a bench-scale batch reactor system has been con-
ducted. Figure 1 shows the experimental batch system. The
reactor vessel contains 5 L of water and has a jacket for heat
exchange. The jacket temperature is adjusted by an electric

Ž .heater installed in the heat-transfer liquid water circulation
loop and by a cooling water control valve. The cooling water
is supplied from a constant temperature bath. A special fea-

Žture of this experimental system is an electric heater 600
.Watt max. immersed in the reactor content. This heater is

used to simulate the heat that would be generated from any
assumed reaction. For the purpose of temperature control
experiments, this feature eliminates the necessity to actually
carry out the reaction in the laboratory. Similar techniques

Ž .have been used by Kershenbaum and Kittisupakorn 1994
Ž .with internal steam coil and also by Juba and Hamer 1986

with direct steam injection for large-scale pilot reactors. In
order to eliminate the potential disturbance introduced by
the fluctuation in the AC power source, the power from each

electric heater is measured and independently controlled by
high-gain P-controllers at every 100 ms.

Temperature control was conducted using a cascade con-
Ž .trol strategy. The BMPC algorithm TC1 implemented in the

PC calculates the jacket temperature set point, T set and sendsj
Ž .it to the slave controller TC2 which is programmed in the

PLC. The slave controller steers the jacket temperature to its
set point by manipulating either the electric heater or the
cooling water control valve. PI control was used for the slave
controller.

The heat of reaction is calculated in the PC according to
the following first-order exothermic reaction mechanism and

Ž .sent to the Watt controller WC2 as its set point

dC
sykC

dt

Q t sy� H VkCŽ . r

E
ksk exp y 37Ž .0 ž /R T q273Ž .r

with

k s12.15 sy1 Es22,000 Jrmol �KŽ . Ž .0

� H sy50,000 Jrmol C 0 s1 molrLŽ . Ž . Ž .r

Generally speaking, as the volume of a batch reactor de-
creases, the amount of heat of reaction per unit heat-transfer
area decreases. This usually renders temperature control in a
small batch reactor an easy task. To avoid such triviality, the
amount of heat evolution at the onset of the reaction was
designed to reach near the maximum cooling capacity of the
system.

The batch operation was designed to proceed with five hy-
pothetical stages as shown in Figure 2a. The first and second
stages are for charge and heatup and last up to 2,200 s. At
this point, the reaction is assumed to be initiated and contin-
ues for 1,500 s. After the reaction is completed, cooling and
discharge stages follow. The heat generation pattern when
the reaction temperature follows the nominal trajectory is
shown in Figure 2b.

Two sets of experiments were carried out: one for the model
identification and the other for testing the performance of
BMPC. Details on the model identification experiment will
be described in the following subsection. In the control ex-
periments, the dual functions of BMPC�rejection of batch-

Ž .wise correlated errors learning and real-time rejection of
Ž .disturbances real-time feedback control �were tested sepa-

rately. More specifically, in order to initialize BMPC, tem-
perature control was conducted using a PI controller in the
initial batch and then BMPC was repeated from there on
with no additional disturbances. During this period, the only
disturbances that could conceivably have entered the system
were minor random perturbations such as measurement
noises, fluctuations in the heat loss, and so on. Note, how-
ever, that the trajectories that we started out with were sig-
nificantly biased. These errors would persist through the sub-
sequent batches if no corrections were made. In addition,
since the correction was to be calculated based on a model,
model errors would inevitably introduce additional perturba-
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Figure 2. Reference temperature trajectory with opera-
( )tion steps a and a typical pattern of the heat
( )of reaction b .

tions that would also persist through the subsequent batches
without further corrections. After the learning was com-
pleted, that is, after both the input and output trajectories
had converged, additional disturbances were introduced to
the system to investigate the real-time control performance
of BMPC. Two different types of disturbances were entered:
one in the initial reactor temperature and the other in the
initial concentration. Both of them are commonly observed
disturbances in industrial reactors. For comparison, we also

Ž .tried Q-ILC a pure learning algorithm for the same distur-
bances.

The sampling interval was chosen to be 20 s, and the fol-
lowing input constraints were imposed throughout the experi-
ments

10�CF T set t F45�CŽ .j, k
38Ž .�set set sety3�CF �T t sT t yT t F3�CŽ . Ž . Ž .j, k j , k j , ky1

Model identification
For the design of BMPC, the system’s dynamic matrix G

should be available. Since direct identification of the time-
varying impulse response coefficients is very difficult, we in-
stead identified the following model consisting of two linear
ARX models combined using time-varying weighting func-
tions

A qy1 y t s� t B qy1 u t q� t C qy1 u t qn tŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .1 2

39Ž .

Ž .where n � represents the residual term and

A qy1 s1qa qy1q ���qa qynaŽ . 1 na

B qy1 sb qy1q ���qb qynb 40Ž .Ž . 1 nb

C qy1 sc qy1q ���qc qyncŽ . 1 nc

In the above, BrA and CrA typically represent the reactor
dynamics for the chargerheatuprcooling stage and the reac-

Ž . Ž .tion stage, respectively; u � and y � stand for the input and
output variables as defined in Eq. 41. Since no reaction takes
place for the first 2,200 s and the reaction fades out as it
approaches the cooling stage, the weighting functions were
designed as shown in Figure 3 for smooth continuation from
the reaction to cooling stages. In the figure, t was a priori0
fixed at 2,200 s but t and t were optimized through an1 2
iterative procedure.

The identification experiment was carried out in two steps.
In the first step, PI control was conducted with TC1 and the

�Ž . set� Ž .resulting input and output trajectories T � and T �r j
were recorded and taken as the nominal trajectories for the
linear model. In the second step, a zero-mean ML-PRBS
Ž . Žmaximum length pseudo-random binary signal Soderstrom¨ ¨

. set� Ž .and Stoica, 1989 was superimposed on T � and the re-j
sulting signal was applied to the jacket temperature con-
troller TC2 while TC1 is open. From the resulting input and

Ž . setŽ .output trajectories, T � and T � , the input and outputr j
deviations were computed as

� �y t sT t yT tŽ . Ž . Ž .r r

� �set setu t sT t yT t 41Ž . Ž . Ž . Ž .j j

and the coefficients of the ARX model were estimated. Or-
ders of each polynomial in Eq. 39 were chosen as nas3,
nbs2, and ncs2. For given t and t , the model coeffi-1 2
cients were estimated using the least-squares method such
that the sum of the squared prediction errors over the batch
horizon is minimized

N
2


̂ t , t sarg min J 
 , t , t s y t yy t ; 
 , t , tŽ .Ž . Ž . Ž .Ž .ˆÝ1 2 1 2 1 2

 ts1

42Ž .

Figure 3. Time-varying weighting functions for the
model construction.
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where

� Ty t ;
 , t , t s� t ; t , t 
Ž . Ž .ˆ 1 2 1 2

� Tw x
s a a a b b c c1 2 3 1 2 1 2

�
w� t ; t , t s y y ty1 , y y ty2 , y y ty3 , 43Ž . Ž . Ž . Ž .Ž .1 2

� t ; t , t u ty1 , � t ; t , t u ty2 ,Ž . Ž .Ž . Ž .1 1 2 1 1 2

T
� t ; t , t u ty1 , � t ; t , t u ty2 xŽ . Ž .Ž . Ž .2 1 2 2 1 2

Once the coefficients were obtained, t and t were opti-1 2
mized in the outer loop and the calculation was repeated un-

Ž .til J 
 , t , t reaches the minimum.1 2
Ž .In Figure 4, open-loop not one-step-ahead output predic-

Ž . Ž .Ž . Ž .tion by the resulting model y t s � t BrA u t qˆ 1
Ž .Ž . Ž . Ž .� t CrA u t is compared with the measured y t . We can2

see that the model prediction is biased from the measured
values, but captures the coarse dynamics of the process. Since
the proposed BMPC technique can withstand certain amounts
of model errors, we took the resulting model and did not
attempt to improve it further.

Choice of tuning parameters
The tuning parameters in the BMPC algorithm are weight-

ing matrices Q and R, the control horizon m, and noise co-
variance matrices R and R . Among them, Q and R werew ®
fixed at I and 0.005I, and ms20 was used throughout the
experiments.

In order to choose R and R in a rigorous manner, priorw ®
statistics of © and w are needed. As was discussed in thek k
previous section, the optimal covariance matrices of w and ©

Žwere difficult to determine it should account for the effect
.of model errors, feed disturbances, and so on . So we decided

to use Eq. 34 which was obtained by assuming that these vec-
tors were generated by summing integrated white noise and
white noise. In our study, 
 2 s0.5, 
 2 s0.001 and 
 2 sw, 1 w , 2 ®, 1
0.5, 
 2 s0.001 were used throughout the experiments.w, 2

Figure 4. Process measurement vs. open-loop predic-
tion by the identified model.

( )Figure 5. Performance of PI control 0th batch .

Results and Discussion
In Figure 5, the results from the initial batch run under PI

control are shown. The temperature tracking exhibits a typi-
cal PI control response pattern with large lags during the up-
ward and downward ramping. As soon as the reaction starts,
a large deviation arises due to the heat of reaction, which is
slowly removed after a rather long undershoot.

Based on the results from the initial run, BMPC was next
applied with no additional disturbance for six batch runs.
Figures 6 to 8 show the results from the first, the fourth, and

Figure 6. Performance of BMPC against input bias and
( )model error first batch .
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Figure 7. Performance of BMPC against input bias and
( )model error fourth batch .

the sixth runs with BMPC. As can be seen from Figure 6, the
tracking error is substantially reduced in just one BMPC run.
After five more consecutive runs, the output trajectories have
virtually conversed and no further significant improvement
can be made. In fact, as can be seen from Figure 7, the out-
put trajectory already agrees very closely with the reference
trajectory after just four batch runs.

For comparison, we attempted a pure learning algorithm

Figure 8. Performance of BMPC against input bias and
( )model error sixth batch .

Figure 9. Performance of BMPC against a change in the
( ( )reactant concentration C 0 is decreased

( ))from 1 to 0.85 molrrrrrL .

wwithout real-time feedback direct-error-feedback Q-ILC as
Ž .xdiscussed in Lee and Lee 1996 with the same tuning values

and observed that at least ten or more batch runs were needed
to attain the similar convergence. Apparently, the feedback
were useful in reducing the effects of model errors�which
tends to change from one batch to next with the input trajec-
tory.

Ž .After the six successive runs with no disturbances, C 0 was
decreased by 15% at the seventh batch. Figure 9 shows the
performance of BMPC. As the heat release by the reaction is
reduced with this disturbance, the reactor temperature
showed a drop at first, but recovered soon to the set point
with the aid of feedback. For comparison, we show the per-
formance of the pure learning algorithm Q-ILC in Figure 10
for the same disturbance. Since Q-ILC does not update the
input in real time whereas the output had almost converged
to the reference by the end of the sixth run, for the seventh
run, the algorithm generated almost the same input trajec-
tory as the one used in the sixth run. As a consequence, the
disturbance was not handled at all resulting in a significant
tracking error for a long period.

Starting with the results from the sixth run, this time we
perturbed the initial reaction temperature by y1�C. As can
be observed in Figure 11, BMPC increases the jacket temper-
ature as soon as it detects the output deviation and returns
the reactor temperature to the set point. Though not tested,
Q-ILC, if had been applied, would have produced an output
deviating from the reference trajectory by about y1�C
throughout the batch run since it lacks the real-time feed-
back correction capability.

Besides the above mentioned tests, we have tried other dis-
turbances such as pulse-type heat inputs during the heatup
stage. For every case we have tried, BMPC performed com-
parably to the above.
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Figure 10. Performance of Q-ILC against a change in the
( ( )reactant concentration C 0 is decreased

( ))from 1 to 0.85 molrrrrrL .

Since BMPC is a model-based control technique, its per-
formance depends on the model quality. However, the simple
time-varying linear model adopted in this study was found to
be sufficient for BMPC design for a highly nonlinear batch
reactor system. In case that disturbances are not significant,
the entire algorithm can be detuned either by increasing the

Figure 11. Performance of BMPC against a change in
( ( )the initial reactor temperature T 0 is de-r

)creased by 1�C .

input weight R or decreasing 
 2 and 
 2 �in relation tow, 1 w , 2
Q and 
 2 and 
 2 . In this way, larger model errors can be®, 1 ®, 2
tolerated for convergence at the expense of the convergence
rate. When the disturbances are significant and their rejec-
tions are important, the whole algorithm cannot be detuned
in this manner. However, the flexibility of the BMPC algo-
rithm allows the learning rate to be slowed down without af-
fecting the real-time control performance. Note that the
real-time control part of the algorithm does not distinguish
between w and ©. After decreasing 
 2 and 
 2 to sloww, 1 w , 2
down the learning rate, one can simply increase 
 2 and 
 2

®, 1 ®, 2
by same amount to bring up the sensitivity of real-time con-
trol.

Finally, if the batch length must be varied for whatever
reason, the proposed algorithm cannot be applied as is. How-
ever, BMPC does not have to be applied over the entire batch
horizon. In many applications, it will be sufficient to apply
the technique only over a limited critical time zone, for exam-
ple, from the final stage of heatup to the first stage of reac-
tion, where the operation is required to proceed under a pre-
cise time schedule.

Conclusions
In this article, we presented a novel MPC technique for

batch processes and applied it to a bench-scale batch reactor
system where a highly exothermic reaction takes place. The
technique�which we called BMPC�combines batch-wise it-
erative learning with real-time predictive control. The BMPC
technique is based on a time-varying MIMO linear model
representing the underlying nonlinear batch process and can
attain asymptotically perfect tracking despite initialization er-

Ž .rors or constant disturbances and model errors.
In the experimental study, the process was identified as a

simple linear ARX model, where the coefficients were repre-
sented by pre-specified time-varying functions. The resulting
model, though simplistic, was observed to yield satisfactory
control performance. In addition, we discussed in detail how
the tuning factors are to be determined on the basis of dis-
turbance characteristics.

Although there still remain issues to resolve and improve-
ments to be made, the presented BMPC technique should

Ž .open some new opportunities and challenges for batch sys-
tem modeling and control where standards are yet to be es-
tablished.
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